TR-2005009: Additive Preconditioning in Matrix Computations by Pan, Victor Y. et al.
City University of New York (CUNY)
CUNY Academic Works
Computer Science Technical Reports Graduate Center
2005





Follow this and additional works at: http://academicworks.cuny.edu/gc_cs_tr
Part of the Computer Sciences Commons
This Technical Report is brought to you by CUNY Academic Works. It has been accepted for inclusion in Computer Science Technical Reports by an
authorized administrator of CUNY Academic Works. For more information, please contact AcademicWorks@gc.cuny.edu.
Recommended Citation














































ñ %tï:ñ½â¿çÞñUãêßﬃàÌàóê)'[ßﬃê¼ê­óïçÍé½ßﬃàÌàÌó Cºñßﬃâ¿âðç6E«ñßê&ß CIñUààá>é½å«ã[æçÆê¿çåãñUæ*Þßê¿âðçU%jçÌãOßëÁÞß«àà
ãîÞ 5:ñ½âcå«ôCëðî[éW'*â¿ß«ã[ætåÞ ßﬃã[æjïâ¿å«ï:ñ½â¿àójëðéUßﬃàÌñUæJâßﬃã[äá>å«ã[ñÉÞåtætçè?é½ßﬃêðçÌå«ã[ëUø
ÜS'çô êðçÌã÷jêðåjß CIñUààá¯éå«ã?ætçÆê¿çåãñUæàÌçÌãñUß«â&ëðótë­ê¿ñ½Þ ÷«ñUãñ½âßﬃàÌàó*ßﬃàÌàåTC¼ëfÞå«â¿ñﬁß«éUéîâßê¿ñ
ãîÞñ½â¿çÌéUßﬃàºëÁåàîtê¿çåãçÌãàñ/ëðëﬁêðçÌÞñA, .0/ 143>ø¼ñ½â¿ñß«âðñ*ëÁåÞ^ñjëÁï:ñUé½çÆè?éUßê¿çåã[ë^ê('ñ*é½å«ãtá
E«ñUâð÷ñ½ã[é½ñåﬃôEßﬃâ¿çåî[ëcçêðñ½âßê¿çUEñßﬃàÌ÷«åâðçê)'ÞëcçÍëfßé½é½ñ½àÌñ½âßêðñ/æ *Qégô­øG, !.
	 3,ì, ÜSE/ /T3,ì




ëðóÞÞñê¿âðçﬂﬁUßﬃêðçÌå«ã 5:ñUéUßﬃî[ëðñjë¿õî[ßﬃâ¿çÌã÷eê)'[ñ*é½å«ã[ætçêðçÌå«ã"ãîÞ 5:ñ½âé½ß«ã 5:ñjâ¿ñ½ï[ß«çâ¿ñUæ CcçÆê('
å«î[âïâðñ/éåã[ætçêðçÌå«ãçÌã÷[ì_ßﬃã[æﬀê('ñJï:åTCIñUâåﬃôºê)'ñﬃ­ò! ßﬃã?æëðå«Þñåﬃê('ñ½âﬁÞﬁîàêðçÌïàÌçÌéUßêðç6E«ñ















éàÌñUß«âGCN'ñ½ê)'ñUâﬁå«î[âïâ¿ñUéåã[ætçêðçÌå«ãçÌã÷ ëÁêðçÌàÌàÂàÌñUß E«ñ/ëô å«â3î[ëﬁß«ãóﬀéW'[ß«ã[éñô åââ¿ñêðâ¿çÌñ Eçã[÷
ê)'[ñJëÁåàîtê¿çåãﬀå«ôIê('ñå«â¿çÌ÷«çÌã[ßﬃàCàÌçãñ/ßﬃâﬁëðótë­ê¿ñ½Þø:9;'ñÜS'[ñ½â¿Þß«ã1S$Oå«â¿âðçÍëÁåã12Xååtæ 5îâ¿ó
ô å«â¿Þﬁî[àÌß&ëÁî[ïï?åâÁêëaê)'ñ¼ætñ/ëÁçÌâ¿ñUæâ¿ñê¿âðç6EßﬃàçÌã^ßëðÞß«ààtãîÞ 5?ñUâCåﬃô32?å«ï[ëCçÌãﬁê('ñ<çÞï:å«âðê¿ß«ãê




Üîâ¿ïâ¿çÌëðçã[÷«àÌó«ì:ê)'ñUâðñ^ñ %tçÍë­êëÉß*ëðçÞïàÌñ C<ßYó*å«îtê/ì1ê)'[ßﬃê&çÍë½ì 5?ß«éä*êðåê)'ñëðå«àÌîtêðçÌå«ãOå«ô
ê)'[ñ^åâðçÌ÷«çÌã[ß«àaàÌçã[ñUßﬃâëðótë­ê¿ñ½Þø Xñ^è[âë­êâðñ/ætî[é½ñ3ê('ñå«â¿ç÷çã?ßﬃà_ïâðå 5àÌñ½Þ êðåeé½å«Þïîtê¿çã÷










:9 ;=<!  ﬂﬀ)ﬃ>@?ﬃBADCN*C!K# *CE
ÜÞßﬃàÌàá,âßﬃãäZÞåtætçÆè:é½ßê¿çåã[ëßﬃâ¿ñﬀß"äãåTCcãiêðååà&çÌãê('ñætç6EçÍætñ½á>ß«ã[æá¯éå«ã?õî[ñ½âñUç÷ñ½ãtá




 ï:ñ½âßêðåâcöÂõî[ßê¿çåã[ë<çÌã$Oåë¿éåTCì*cî[ë¿ëðçÌß[ìçãîãñ + /á + 1tì3+ / /21tìtßﬃã[æ*åãjê('ñF6åîãtá
æßﬃêðçÌå«ã[ëCå«ô".IåÞ^ï[îtê¿ßﬃêðçÌå«ã[ß«à$Oßê('ñ½Þßê¿çÌéUë!* 6[åS.0$ + / / 1 7çÌãJÜtßﬃãê¿ß«ã[ætñUâUìÜtï[ßﬃçÌãìîãñ




	# 1ìßﬃã[æ*ï:å«çÌãêðñUæ*åîtê¼êðåJëðå«ÞñåàÌæYCºå«â¿äë05ó Cø?òLßﬃã?é½ß«ëÁêðñUâUì CN'[ñ½â¿ñUß«ë
ﬁø &ø I'[ß ﬁ/ßﬃãåTE*âðñ/é½ß«ààÌñUæeß*ëÁÞß«ààá,âßﬃã[äÞåtætçÆè:é½ßê¿çåã ñ %ï[àåçÆê¿ñUæeçÌã ,  X ( 3,øÜî?éW'








ô ê¿ñ½âfê)'ñﬁæñè[ãçêðçÌå«ã?ë¼çÌã ÜñUéêðçÌå«ã +tìCºñ 5â¿çñ2[ó
ñ %ß«Þ^çÌãñß«æ[ætçÆê¿çUEñïâ¿ñUéåã[ætçêðçÌå«ãçÌã÷5[ßëÁñ/æﬀåã ê('ñjÜS'[ñ½â¿Þß«ã1S$Oå«â¿âðçÍëÁåã12Xååtæ 5îâ¿ó
ô å«â¿Þﬁî[àÌßcçÌã3Üñ/égê¿çåã ìß«ïïàÌóëðÞßﬃàÌàÆá>âßﬃãäÉÞ^åtætçè?éUßêðçÌå«ã?ëê¿åÉéåÞïîtêðçÌã÷fê)'ñºãîààëðï[ß«é½ñ

























éåÞïîtêðñUâÉß«ã[æeàÌçU5âßﬃâ¿óJôQßéçÌàçêðçÌñUë&ætîâ¿çÌã÷ 'çÍë!EçÍëÁçêfê¿åJê('ñ ﬃ¯ã[ëÁêðçêðîêðñ^çã + / /21tì?ß«ã[æ*êðå
ê)'[ñºï?ßﬃâðêðçÍéçÌï[ßﬃãê¿ëaåﬃô?ê)'ñcé½çÆê¿ñUæ+.Iå«ãtô ñUâðñUã[éñ/ëLçÌã $Oåë¿éåTCßﬃã?æ^Ütß«ãê¿ßﬃã?ætñ½â;* ï[ß«âÁê¿çÌé½îàÍßﬃâ¿àó
êðåﬃ?øTXøÉñ½ÞÞñ½à,ì)^ø ﬁø)&å«àÌî5ìﬁø&ø I'[ßﬁUßﬃã[åTE:ìòÂøcñ½çÍéW'ñUàNì«ß«ã[æ $ø7ßﬃãG<ßﬃâ¿ñ½à 7gì
ô å«âN'[ñ½àÌïtô îàLé½å«ÞÞñ½ãê¿ëUø
  "!ﬃ#  ß$&% û-ü½þ3û'#
(
@ * )+-, .47/
+-, .1032


















































































































* R7 @ LFP_ < ø 9;'ñ

















































030 ' ô åâ¼ßãå«ã[ëðçÌã÷«îàÍßﬃâ<Þßê¿âðçU%
(
ø
4 åï[ë,5ë­êßﬃã[æëfô å«â 4 ß«âðçê)'Þñ½êðçÍéå«ï:ñ½âßê¿çåã[ë65ì 4 .)75ô å«â 4 .Iåã7­î÷ßêðñ )&â¿ßætçñUãê65ì
4 .)í853ô å«â 4 .Iåã7­î÷ßêðñ)&âß«ætçÌñ½ãê¼í¼åâðÞßﬃà95ì 4 ﬃ  ﬃ:5ﬁô å«â 4 çãSE«ñUâ¿ëðñ&ï?åTCºñ½â<çêðñ½âßê¿çåã/5ì
ßﬃã?æ 4 ﬃ 1"ﬃ:53ô åâ 4 çÌã2Eñ½âëÁñ-¼ßYóàñUç÷ '1¼çÆê ﬁ&çêðñUâ¿ßﬃêðçÌå«ã/5[ø
¼ßﬃã?ætå«Þ ë¿ßﬃÞïàÌçã÷jåﬃôIßjëÁî5[ëÁñ½ê<;=3ô âðåÞ ßJè[ã[çÆê¿ñ^ëðñê	;%çÌëfê)'[ñ^ëðñ½àÌñUéêðçÌå«ãOå«ô7ê)'ñ
ñ½àÌñ½ÞñUãêëTåﬃô;=<ô â¿å«Þ>;
ßê7âßﬃã?ætå«ÞìﬃçÌã[ætñUï?ñUã[ætñ½ãê¿àó3ô âðåÞ ñ/ß«éW'^åﬃê)'[ñ½âÂß«ã[æ^îã[ætñUâTê)'ñ
îãçô å«â¿Þ ïâ¿å 5?ß 5çÌàçê­óætçÍëÁêðâ¿çU5îêðçÌå«ãå«ã?;Éø
Xﬀñã[ñ½ñUæjê('ñô å«àÌàåTCcçÌã÷^àñUÞÞßçÌãM, &ò # ( 3*NßﬃàÍëÁåçÌã , ﬁ # 	43,ìﬀ, Ü8( / 3 7ø
@ÂÔ BADCEﬂF!EG$HJIKI/LNMOQPSR/T PUTWVDHYXZP[S\NT-]^[ﬂT P_O`I/L XZa bcL VD[ﬂT X!LedfKOg-]6O6OihjfKLJO^Mb!L-P\ T b/[9M,R
[ﬂfKOb/P[ﬂklT XSXZaKmnUOPPR"O\NT-XZH/O^MQL:do[SPM=\ T ]^[ﬂTqpX2OMplO],T-b!fKL-VrXsa8MT-VQIcX2Olftdl],L V>TtuUvwOlf`uib$[SPO
MOPt;7mx!R/Ob)PSR/OI/L Xsa b!L VD[ﬂT X`\ T b/[9M,R/O^M	yt[SPR?T<I!],LqplTKp[SXZ[SPazL:d{T-P=VLNM^P}|
~ U~
m
 nßeßüK$ýU$!cþ3ûßgüþ^û-½û'!ﬃ#$fß þ3û üŁ'$&'$¼ýi !û















































































































* $[ø  7
\]V *
(
























































9Låeætñ/ætî[é½ñ^ñ/õî[ßê¿çåã[ë * $[ø + 7Éßﬃã?æ * $[ø $27gìaßﬃïïàÌó * $?ø
Z













9LåfïâðåTEñ!* $?ø 1 7*QßëðëðîÞçã[÷EJ @^4O_8( 7gìYï?åë­êðá,Þ3îàêðçÌïàóñ/õî?ßêðçÌå«ã+* $[ø  7 5ó

ìYßﬃïïàÌó


























































































































































































 * $[ø # 7
1
   þr - jü !&ü½þ3û'# Uû üt'$ û:  #Ł'!  $ !ûß #_þr ½û

8cþ^ûßüþ3û'$fß  Uû'$&!ý #U#Lü3$ # þrB$  '!&üþ^û'#






































ß«âðñ846 JÞßêðâ¿çÍéñUëUì JY@Y4_ (ìGßﬃã?æ
ê)'[ñÞßê¿âðçU%MJ @
(  <=@











































ê)'[ñﬀñ:ñ/égêðç6E«ñ5ßﬃàÌ÷«åâðçê)'[Þëçã , !.-	 3>ì , -&Ü-	( 3,ì , &ö,(T3>ì , .ºí'	 3,ì , .ºí'		T3,ì





























7 CN'ñUâðñ çÌëê('ñ4 64






















XﬀñéUßﬃã*ñ %êðñUã[æJê('çÍëcßﬃïïâ¿åßéW'êðåéåÞïîtêðçÌã÷ß^ï[ßﬃçÌâ<åﬃô 4 67J î[ãçÆêßﬃâ¿óÞßêðâ¿çÍéñUë









































)	ﬃ!&?  #E!#    #Mﬁ,A C?  ﬁﬃ#
òñ½ê&î?ëÉñ %êðñ½ã?æOå«î[âß«ïïâ¿åßéW'êðåjê)'ñëðå«àÌîtêðçÌå«ãOå«ôIßﬃãﬀçàÌàá>é½å«ã[ætçêðçÌå«ã[ñUæOàÌçÌãñUß«â&ëðótë­ê¿ñ½Þ
åﬃô_ñUõî[ßﬃêðçÌå«ã[ë
<-ﬂ @B * 1tø  7





















































































































































































EﬂF!E?x$LklL VI!X2OPOjL HY]DfqOﬂub/[Sb$P[ﬂL-b Led{PR"OD[Sb$POg O]QI"T-],T VOPO] J

yOklT b
MI"Olk[ dlaWTM^HY[SPTqpX3Oo[SPO],T P[S\ OT X g L ]^[SPRwV
5




$\0/21 64- 8T bcffKOuibcO<PR"T PTXZ[SbcO6T-]WMlaNM^P_OV[9MWyOXSX65eklL bcf [SP[ﬂL b!Olfj[ dWPSR/O{T X gqL5
]^[SPRwV k6L-b/\ O]gqOM<PL[SPﬂMWML XZHYP[ﬂL b)yt[SPSRY[Sb87 MlP_O_I$MidL ]rTuUvwOlf97`m
#
   þ #` !	 ?ýU!û  þJß % !&üþ^û'# þ{ !  !&ü_ý  !< 
ﬂ$ºü gü3# # Uû   !ý gü! cþ^ûßü½þ3û-Uû !ûß $8$Éû
#U#Lü3$
	;	 ;=<! ?
GﬀR ﬁﬃ *<!K#S	ﬃ'>,C 
 ? E
òñ½ê7î[ëÂë)'åTC






Ô×[ØÔEﬂF!EUL ]jTruib$[SPOMOPQ;L:djklT ]6f [Sb!T-XZ[SPaﬁ0 ;70i[SbT]^[Sbwg T-b!f{dL ]8dL-HY]
VT P]^[ﬂk6OM
(-	



























































































































G R ﬁﬃ *<! ﬂﬁﬃ ﬁﬃ	ﬃ'> ﬁ A ﬂﬁ	 

















































































































H R/T \ O8M^[ 
OJ 6=J
5
T bcfWR/T \ Oºâ¿ß«ãäWJ plOlklT HwMOÂâ¿ß«ãä0J @











o],LJL:dmXñ '[ß Eñ J @
(  <=@











































































































































































































































































































+ﬁô å«â¼ß^ï[ß«çâcå«ôaîãçê¿ß«âðójÞßêðâ¿çÍéñUë 0 ßﬃã?æ ø



























































































































ßﬃã?æ 9%åﬃôÉæçÞñ½ã?ëÁçÌå«ã 4H'[ß Eñ
























, )ò&	T3,ø 9;'î[ëICIñé½ß«ãﬀñ %êðñ½ã?æ åîâßﬃã[ß«àótëðçÌëßﬃã?æﬀætñ/ætî[é½ñ3ê('[ßê





ﬃ>ôA@ 030 0j020açÍë3ëðÞßﬃàÌàNìCê('ñ*Þßﬃêðâ¿ç&%DJçÍë^ßﬃàÍëÁåACIñUààá>é½å«ã[æçÆê¿çåãñUæætî[ñê¿åOê)'[ñ 5:å«îã?æ
030 JQ030 '7ﬃ

030 J _ 0j030 'ﬁßﬃã[æjñUõî[ßﬃêðçÌå«ã * $[ø # 7ø
	;	 ;=<! ?
GﬀR ﬁﬃ *<!Kﬂﬁﬃ  	ﬁﬃ)ﬃ> ﬁ,A ? 
)	ﬃ!&?  #E!#   
 









































































































































020 B030 'J+"030 <&020 'ﬃø
	;'* ;=<! ?











ßﬃã?æ $[ø +Jætñ/ëðé½âðç65:ñê)'[ñ^ß :ñ/égêÉå«ôÂëÁÞß«ààá,âßﬃã[äjÞåtætçè?é½ßﬃêðçÌå«ã[ëÉå«ãeê('ñ^ñ½çÌ÷«ñ½ã?ëÁï[ßéñ/ë¼åﬃôÂß






 ×[Ø×D*AtØYÕ E EG$HJIqI"L MO
(



























T ],O?4 674VT P]^[ﬂklO^M

















T b!f J R"T \ O
L b$XZaM^[SVQIcX2OO[sg Ob/\ T XZH/OMmx!R/Ob













































































o],LJL:dm9;'ñ<éåâðåààÍßﬃâ¿ó¼ô åààÌåTC¼ëô â¿å«ÞK9;'ñUå«â¿ñ½Þ $[ø
Z
































































































]6O^MI/O6kP[S\NOXZaKmnOPPSR/OVT P]^[sv!Jp6Ob!L b/M^[Sb gKHYX2T ]m{xcR/Ob
ætñ½ê
(











T b!f+JT ]6ODVT-P]^[svrI/L Xsa b!L VD[ﬂT XZM
[Sbz 




































































































PRw[9MDPHY]^b/M<[Sb/P_LzPSR/OkX2T MlMl[ﬂklT-Xt],O^M^HYXZP[Sb $  9, -
5











T-],OklT XSX2Olf7PR"O]6O6T-XZ[ JT P[ﬂL b/ML:do],T-P[ﬂL-b!T-X VT P]^[sv















ß«ã[æå 5tê¿ß«çãJñ %tïâðñ/ëðëðçÌå«ã[ë7ô å«â7ê('ñætñ½â¿çUEßﬃêðç6E«ñUë








 ﬁ  * R7!@ 7dL-]T-bA4 64 VT P]^[svrI/L XZa bcL VD[ﬂT X
(
* R7T b!fT













* R7 ﬀ 7_J [ dﬂ7  J

yUR"O],OlTNM








R"T-\NO{p6OlOb]6T b!fqL VDXZa	MT-VQIcX2Olfdl],L VT	MOP






















úû5$¼ýU#3$ ü $¼ýU!&ü½þ3û =üt #Ł !	 ?ýU!û  þJß % !&üþ3û'#





éàÍß«ë¿ëðçÌéUßﬃàGê¿ååàô åâcê)'ñ3âðñ½è[ãñUÞ^ñUãêfåﬃôÂßé½âðî[æñﬁëÁåàîêðçÌå«ãêðåJê)'ñ^ßﬃàÌ÷«ñ 5[â¿ß«çÌéñUç÷ñ½ãïâ¿å 5á
àÌñ½Þ , X 21 3>ì ,  ( /43,ì, )ò&	T3,ì, ﬃ 	# 3>ì , Ü8	(T3,ì, -
!EO/ / 3,ø9;'[ñçÆê¿ñ½âßê¿çåã-'[ß«ëÉßÞå«â¿ñ
â¿ñUéñUãê 5àÌåéä E«ñUâ¿ëðçÌå«ãì_é½ßﬃàÌàÌñUæê)'[ñçÌã2Eñ½âëÁñåâÁê('å«÷å«ã[ß«à7çêðñ½âßê¿çåã, )ò!	tìTï[ß«÷«ñ	T3
ßﬃã?æeê)'[ñ^çÌãSE«ñUâ¿ëðñ ¼ßYóàÌñ½çÌ÷ '18cçê ﬁ3ëðî5[ëðï[ßéñ^çÆê¿ñ½âßêðçÌå«ã , Ü*	(tìaÜtñUégê¿çåã [ø
Z
3,ø fñ½â¿ñUßﬃô êðñ½â
Cºñ&î?ëÁñ&ê)'[ñâðñ/ëÁï:ñUéêðç6E«ñß 55[âðñ EçÍßê¿çåã[ëﬃ  ﬃºßﬃã[æ ﬃ 18"ﬃgø



















































































































































:9  ﬃﬀ#2   "*?  ﬁﬃ	 *< *?ﬃ







































K@ + L ](K@ 

T-b!fTpX2Tqk plLvM^H/p],L HYP[Sb!O
n ")sG*in /!+ﬁdL ]7ML XZ\J[Sb gTXZ[Sb!OlT ]	MlaNM^P_OVL:d{O43H/T P[ﬂL b/Mm
,
ﬃ! !ﬁﬃ! #"DO[SPR"O]  ',n *-.+

























































































[ d<PR"OrVT P]^[sv J!*

 ﬂ7<[9M<M^[Sb gKHYX2T-]rL ]	[SXSX 5













m =IqI!XZa n "O2G*n /+ PL














PSR/Ob L-HYPZIcHYP P-Q* &ﬂ5










klL VI!HYP_ODL-]	HJI/fKT P_OTb!L ]^VT Xs[ 
OlfT6IqI!],L
vq[ 5





  G_ T ],LJL P




















































































	  ﬃﬀ#2   "*?  ﬁﬃ	 *<=# @? 

 4*?ﬃ.














































































ﬀﬂﬁﬃ! #"DTNM<[Sb 8X gqL-]^[SPSRYV  Nm/.Km
,















































$ G_ * 7 yUR"O],O
5
8 fKOb!L-POMPSR/O`4^6 / OVI!Pa VT-P]^[sv

ﬀ2RG_ T b 4 6
Z



































yUR/O],O *-N 7 @
Z
[ d N @/

 * N 7 @ N<L PR"O]^yt[9MO
m




[ d<PR"OrVT P]^[sv J!*

 ﬂ7<[9M<M^[Sb gKHYX2T-]rL ]	[SXSX 5






















































































TWI!]6L6I/O]^XZajP]^HYbck6T-POlf!5ZdTqkP_L ]<[Sb)PSR/O	],T-b ],O\NOlT Xs[Sb g








































































































$Ô AØ  EﬂF!E =IqI!XZ[ﬂklT-P[ﬂL-b L:d 8X gqL-]^[SPSRYV  Jm/.
5
],O^MIm  Nm98 P_L PSR/OzVT-P]^[sv
(E@
* 87









],OMIm PR"O\ O6kP_L ]lM[SbBPR"O],T-b g OL:dPR"OVT P]^[ﬂk6OM

+ 8plOlklL VODf-[S],OlkP_OlfP_L yT-],fNMrPSR/O{X3OﬂdlPQO[sgqOb"MI/TKklO]TOV *
(
* 87)7m *obcOk6T-b)HJI/fKT-POrPR"O




+7T-b!f  + 8M^[SVrHYXZP_T bcOlL HwM^XZaP_La [ﬂOX2f





$Ô AØ  ESCE^bDML VOklTNMOM=yOklT-bMl[SVI![ dla<PR"Ok6L-VQIcHYPT-P[ﬂL-b"Mpa=I!]6L6I/O]^XZaWMOX2OlkP 5








dL ]TP]^[ﬂT-b gKHYX2T ]rVT-P]^[svDI"L-XZa b!L-Vr[ﬂT-X\ * 87T-b!fPyLj\ OlkP_L ]lM&Ö T-b!fﬂ

PSR/Ob'9D@!ﬂ
[9MzT b!T-PHY],T-XM^[SVI!XZ[ dla [Sbwg MOX2OlkP[ﬂL bcm ﬂdyOMOlO  bcL?M^H/klRp6Ob!OuiPM

yOklT b klR"LJLNMO
],T-b!fKL-V \ OlkP_L ]lM 9 L-]	X2OP 9A@Õ=mxcR"OrX2T PP_O]{klR"L-[ﬂk6Or[9M<VL P[S\NT-POlfj[Sb -OVT ]   m/.Km
$Ô AØ

EEL-]oML-VO8plTKf	klR"L-[ﬂk6OML:dPR"OQ\NOlkPL-]lM9T-b!f<Õ [Sb 8X gqL-]^[SPSRYV  Jm

PR"O
I/T ],T-VOPO]GNk6T-b?O,vwklOlO6fDPR"OW]6T b LedPR"OWVT P]^[sv D+
8@
+
m!UL ]]6T b!fqL V \ OlkP_L ]lMG9T-b!f
Õ





uUv[SPm7M7TVL ]6O{klLNM^PXZajTKfqf [SP[ﬂL b!T-X u`v

T-PiG!PT
















































T MQX2L bwgDT M=n ")sG*n#/!+
dT [SXZMDT bcf

 Nm&QaT6IqI!XZa [SbwgPSR/Op[SbcT ]^aMOlT ]6k6R






'* C *<!" 	; ﬀﬃ#S ﬁﬃ#
XñéUßﬃã*ñ %êðñUã[æ
V

































ﬃ¯ãiê)'[çÌëjé½ß«ëðñ-Cºñ ë	'[å«îàÍæiéåãê¿çãîñOê)'ñ é½å«Þïîtêßê¿çåã[ë:Ccçê)' 7Bßﬃïï[àçÍé½ßﬃêðçÌå«ã[ëå«ô
V


























































2 , ' ì«ßﬃã[æê)'ñ<â¿ñUß«àÞßê¿âðçU%













































ﬃ  ﬃ)Qﬃ 1ﬃgì 5óé½å«Þ 5[çãçÌã÷ëÁÞß«ààá,âßﬃã[äÞ^åtætçè?éUßêðçÌå«ã?ëCcçê)'eß«ãóñUç÷ñ½ãtá¯ëðå«à6E«ñ½âCN'çÍéW'
çÌã2Eå«à6E«ñ/ë<ê)'ñëðå«àÌîtêðçÌå«ãOå«ôÂßﬃã ß«î %tçàÌçÍßﬃâ¿ójçÌààá¯éå«ã?ætçÆê¿çåãñUæOàçÌãñUß«â&ëðótë­ê¿ñ½Þ åﬃô7ñ/õî[ßê¿çåã[ë½ø










ßﬃã[æ #tø +ìCé½å«Þïîtê¿ñãñ/ßﬃâ¿àóﬀê)'[ñjë¿ßﬃÞñßﬃï[ïâðå %tçÌÞßêðçÌå«ã?ë
êðåê('ñﬁñUç÷ñ½ã[ëðï[ßéñUë<å«ô
(
* R7¼ßë<ê)'[ñFﬃ  ﬃcßﬃã?æê('ñ ﬃ 1"ﬃ<ætå[ì:ßﬃã[æeëðå+Cºñé½ßﬃãeñ %êðñ½ã?æ
ê)'[ñ3ñ %ê¿ñ½ã[ëðç6E«ñßﬃã[ß«àótëðçÌëfåﬃô7ê('ñàÌßﬃêÁêðñUâÉçêðñUâ¿ßﬃêðçÌå«ã[ëÉô â¿å«Þ , X  1 3>ì ,  ( /43>ì, )ò&	 3,ì , ﬃ 	#43,ì
, Ü8	( 3>ì , -
















 T b!f  p6Oﬃ4 6 JVT-P]^[ﬂklOMT-b!fyt]^[SP_O @

 _ m xcR/Ob




















































































































































































































































































 ×[Ø×D*AtØYÕ EﬂF!E *`b!fqO]?PR"O T MlMlHYVI!P[ﬂL b/M)L:dx!R/OlL ],OV qm







































Ob!TKpX2OM{p6OPPO]	k6L-b/P],L X`L \ O]	PR"ODO]^],L ]{plL HYbcf[SbxcR/O6L-],OV  m m
    $¼ý   !	ü3$&#Lü3#
ﬃ¯ãå«îâê¿ñUëÁê¿ëICºñ^î?ëÁñ/æ ê('ñô å«àÌàÌåTCcçã÷., ß«ã[æ ÞñUÞ^åâðóﬀéå«ãè[÷«îâßê¿çåãìGå«ï:ñ½âßê¿çã[÷















Ü 7â¿åﬃô ñUë¿ëðçåã[ßﬃà Tñ½âëðçåã + / /+
ÜñUâ)EçÍéñTß«éä +





¼ß«ã[ætåÞ í¼îÞ 5?ñUâ $OßﬃêðàÍß 5eÜê¿ßﬃêðçÍë­ê¿çÌéUë!9aååàU5:å %  ë
)&ñUãñ½âßê¿å«â  ¼ã[çÆô åâðÞ fçÍë­ê¿âðç65îtê¿çåã
;	  ; ? 
	ﬀ # @? 

 4*?ﬃ.
  " *C!
?  	ﬁﬃ# ?ﬃ *<!ﬀ	 '?RHﬁﬃ
*<! ﬂﬁﬃ ﬁﬃ ﬃC 	 "#
ﬃ¯ãñ Eñ½â¿óÉñUãêðâ¿óÉå«ô 9_ß 5[àñ	ø
Z









































































































































  @ F?ìGñ %é½ñ½ïtê&ê)'[ßﬃêOCºñ^âðñUïàÌßéñ CcçÆê(' ﬁUñ½â¿åJê)'[ñ3àÌñUßætçã[÷jïâ¿çÌã[éçÌï[ßﬃà
* ã[å«âðê)'tá>ñUßë­ê¿ñ½â¿ã87 ñUãêðâ¿óJåﬃô_ê)'ñÞßﬃêðâ¿ç&% Oø
ﬃ¯ãA9_ß 5àÌñUë-	ø Jß«ã[æ 	ø $ Cºñ3æçÌëðï[ßYójê)'ñ^âðñ/ëÁî[àÆêëfå«ôTê)'ñ3êðñ/ë­êëÉëðçÞçÌàÌß«âfê¿åJê('ñﬁê¿ñUëÁê¿ë
éåTEñ½â¿ñUæçÌãA9_ß 5àÌñUë-	ø
Z
ß«ã[æ 	[ø +ì:â¿ñUëðï:ñUégê¿çUEñ½àÌó«ì:ñ %éñUïtê&ê)'[ßﬃêÉô åâÉñ E«ñ½â¿óçã[ïîtêï[ßﬃçÌâÉå«ô
(






























;:9   "3? 	ﬁﬃ ﬂﬁCﬃ AWﬁ  *<!  ?ﬃ 
 
 > ﬁ  *< 

	
ﬃ¯ãA9_ß 5[àñ/ë-	[ø 1jßﬃã?æ0	ø :Cºñë	'åTC ê)'ñ^ãîÞ 5:ñ½âë&åﬃôÂçêðñUâ¿ßﬃêðçÌå«ã[ë&â¿ñUõîçÌâðñ/æô å«â&ê)'[ñé½å«ãtá










4 @ $eßﬃã[æ 4 @
Z
/ /[ì  5:ñ½çÌã÷eñUçÆê('ñ½âﬁß*âßﬃã[æå«Þ Þßê¿âðçU% åâê)'ñ fá,ôQß«éêðå«âçÌã -
ôQß«éêðåâðçﬂﬁUßﬃêðçÌå«ã*åﬃô7ßâßﬃã[ætåÞ Þßê¿âðçU%Gì?ß«ã[æ


























































































$eñUß«ã 	" +$ 0

/	 / 	+ 0

/	 +Y + ( 0

/	
Üê¿æø fñ E:ø 1Y +# 0

Z
/ / + / 0

Z
















$Oçãø fßêðçÌå +Y 1# 0











$eñUß«ã (" + / 0

/+ / $	 0

/+ 1Y # 0

/+
Üê¿æø fñ E:ø $/ 1 	 0

/ +" $ 0

/ #w ( 0

/
$OßT%Gø ¼ßﬃêðçÌå 	" +$ 0

/ $ / 	 0

/$ +Y + 	 0

/ 1

























































/ / +" 1+ 0M_ /
Z Z





$eñUß«ã " # 0





/$ $/ + 1 0

/ $


























$Oçãø fßêðçÌå "  0

/+ / 	 0







$eñUß«ã (" +  0

Z Z









































/ +" + 0





















































 / / 0

Z












/ (" $21 0

Z Z




















/+ +Y #T/ 0

/+


















































("  $ 0

/ /












$OßT%Gø ¼ßﬃêðçÌå 1Y 1# 0























$eñUß«ã +Y #T/ 0

/ 1 / #  0























 + $ 0

/ " 	 0

/ 1
$Oçãø fßêðçÌå (" # $ 0



























 	/ 	 0

Z




$OßT%Gø ¼ßﬃêðçÌå ("  1 0

Z
 	/ 	 0

Z




















































/( 1Y #( 0

/(




/( 1"  / 0

/( $/ 	( 0

/(






/	 $/ + 0

/	




 #  0


















































/ ($ 0M_ /
Z








$eñUß«ã +Y 		 0























#Y # / 0









/ / +" (	 0M_ /
Z




$eñUß«ã 	" 	 0

/ / 	 0












/ 1Y /( 0

/
$OßT%Gø ¼ßﬃêðçÌå "  / 0

/ $ 1" /( 0

/$ "  0

/ $

















































$Oçãø fßêðçÌå " $$ 0











































/( / /+ 0

/( $/ 		 0

/(
Üê¿æø fñ E:ø (" +# 0

/( / $( 0

/( " # $ 0

/(
$OßT%Gø ¼ßﬃêðçÌå $/ # 0








$Oçãø fßêðçÌå +Y (+ 0















































/+ +Y + ( 0

/+



















$eñUß«ã +Y 		 0

/ / +" /( 0

/ / +Y  / 0

/ /










































/ $ 1" # 	 0

/ $/ + 0

/
Üê¿æø fñ E:ø +Y  / 0

/ $ $  	#:0

/ "  0

/



























































+Y 	 1 0

Z Z
$Oçãø fßêðçÌå 1Y + 	 0


















.IàÍß«ë¿ëðñUë 4 çÆê¿ñ½â ëÁê¿æætñ E çêðñUâ ëÁê¿æætñ E

@ .








/ / $[ø #
Z Z
































 $ $[ø 	 $
Z



















 $ 1tø ##
Z




/ / 1tø 1$
Z
ø $$21 1tø #
Z
ø 1 1 
++










.IàÍß«ë¿ëÁñ/ë 4 çÆê¿ñ½â ëÁê¿æætñ E çêðñUâ ë­êæætñ E

@ D.
 $ 1ø  +tø 1 + 1ø  +ø 1+ /
Z




































ø  / 1
Z
/ / $?ø #+
Z










 $ 1ø 1 1 /
Z




/ / 1ø  / +tø
Z Z





, !.-	 3 ø<ß«âðâ¿ñêðêUìS$øSXøºñUâðâ¿ó«ì29ø6ºø.'[ß«ãì [øfñUÞÞ^ñUàNì ?øfåã[ßê¿å[ì[ø
Éå«ã[÷ßﬃâ¿âßìﬁøö7ç 7­äS'å«îêUì8ø*CåﬁUå[ì.Éø8cå«ÞçÌãñ«ì*ﬁø87ßﬃã Éñ½â"Tåâ¿ëÁêUì
x$OVQIcX2T P_O^MdL ]PR"ODGL XZHYP[ﬂL bBLed	nŁ[Sb!OlT-]rG!aNM^POV{M(&QHY[SX2f [Sbwg &QX2LJk  M





, --NE/ / 3 ﬁCø<ßﬃç,ì [øfñUÞÞ^ñUàNì ?øfåã÷ß«âðâßì
V
ø8cî'ñìﬁø Eß«ãætñ½âTå«âëÁêUìñUæá
çêðåâ¿ëUìQx/OVQIcX2T P_OM=dL ]DPSR/OrGcL-XZHYP[ﬂL-b Led 8X gqOJp]6T [ﬂkQ+o[sg Ob/\ T XZH/O ],LKp 5
X3OVrM  o],TqkP[ﬂklT X  HY[ﬂfqOì?Ü8ﬃ
V
$ì  'çÌàÌßætñ½àÌï'çÍßì*+ / / /[ø
, .0/ 1 3 øﬀ.'ñUãì3 T P]^[svﬁo]6O6klL-b!f [SP[ﬂL b$[Sb gx/OlklRwb/[ 3H/OMT-b!f =IqI!XZ[ﬂklT-P[ﬂL-b"Mgì
.ºß«Þ 5â¿çÍæt÷«ñ ¼ã[çUEñ½âëÁçê­ó7â¿ñUë¿ë½ì.ºß«Þ 5â¿çÌæ÷«ñ«ìöÂã÷«àÍßﬃã?æGì*+ / /21tø
, .ºí'	 3 øﬀﬁø .'[ß«ãìT$ø ø/í¼÷[ì .Iåã7­î÷ßﬃêðñ,)&âß«ætçÌñ½ãê $Oñê)'[åæ[ëGô å«â 9LåñUïàçê ﬁ
ÜtóëÁêðñUÞë½ìG   3 -8O\J[ﬂOyTì  Lì8$+# 1$(+ì
Z
		[ø
, .ºí'		 3 ø ﬁø.'[ß«ãì$ø ø_íf÷[ì ﬃ>êðñUâ¿ßﬃêðç6E«ñ $eñ½ê)'åtæëô å«â^òçÌãñUß«â^ÜótëÁêðñ½Þë
Ccçê)' $Oßﬃêðâ¿ç&%ﬁÜê¿âðî[éêðîâ¿ñUëUìçÌã UTNM^P6-OXZ[ﬂTqpX2O 8X g L ]^[SPRwVrMdL-]13?T-P]^[ﬂklOM
















ø $øöÂâðçÍëðÞß«ãìﬂ?øøcñUçÌæGì )	[S]6O6kP3?OPR"LJfNMUdL-]QG-I/T ]lMO





, Éö( 3 ?øE?ø














Ââðå 5[ß 5çÌàÌçÌëÁêðçÍé cñ½Þß«âðäZå«ã
V
àÆá












ï:ñ½âßê¿å«â;$Oßê¿âðçÍéñ/ë½ì$nt[Sb!OlT ] 8X g O





	 /ì+ / /ø
, )%'	 / 3 ?ø ø )&çà65:ñ½âðêUìøﬀfßôQëÁêðñUçã?ëðëðå«ãì TßﬃâßﬃàÌàÌñ½àﬃÜóÞ 5:å«àÌçÌé 6?ß«éêðå«â¿çﬂﬁUßê¿çåãÉå«ô
















¼çÌ÷ '[àó Tß«â¿ß«ààÌñ½àÜï[ß«â¿ëðñ .'åàñ/ëÁäó









, )ò&	 3 )^ø ø )&å«àÌî5ì.Éø!6ºø!7ßﬃãòåßﬃãìJ3 T P]^[sv ﬃiL VI!HYP_T P[ﬂL b"Mgì «â¿æñUæçÆá




, ' $ 3
V
ø?Ü1ø3få«î[ëðñ '[å«àÍætñ½â/ìx!R/OzxcR/O6L-]^aL:dO3?T-P]^[ﬂklOM<[Sb "<HYVO]^[ﬂk6T-X 8b!T-X65
aNM^[9Mgì ÉåTE«ñUâUìtífñ C 	7å«â¿ä:ì
Z
	$[ø
, ﬃ 	#43 ﬃgø .Éø 6ºøﬃ¯ï[ëðñ½ãLì2.Iå«Þïîtê¿çã[÷&ß«ã3ö7çÌ÷«ñUãSE«ñUéêðåâ Ccçê)' ﬃ¯ãSE«ñ½âëðñ,ﬃ>êðñUâ¿ßﬃêðçÌå«ãì





, ( /T3 9ø




, ò&9'#	 3 ø ?øòLçïêðå«ãLì3ø¼åëðñ«ìøöfø29_ßﬃâ:7Áßﬃãì)&ñ½ãñUâ¿ß«àçﬂﬁ½ñ/æí¼ñ/ë­ê¿ñUæÉçÌë¿ëðñUégá
ê¿çåãìG   3 YmŁL b8"<HYVO]^[ﬂklT X 8b!T XsaNMl[9MgìUF Lì$CGì*$1 1(ì
Z
	#	ø
,  ( / 3 &øcíøTßﬃâ¿àÌñêÁê/ìzxcR"O)G!a VrVOP]^[ﬂkI+o[sg Ob$\NT-XZH/O o]6LKpX2OV^ì
ÂâðñUãêðçÍéñá










3 3ø 	3ø TßﬃãLìqG!P]^H/kPHY],Olf 3 T P]^[ﬂklO^MT-b!f  L-XZa b!L-Vr[ﬂT-X M(*`b/[ u=OlfWG!HJI"O] 5
dT M^P 8X g L ]^[SPRwVrMgì ºçÌâðäS'ß«î[ëÁñUâ Q«Üïâ¿çã[÷«ñ½â/ìºåë­ê¿å«ãRQﬃí¼ñ C 	7å«â¿ä1ì8+ / /
Z
ø
,  ß 3 3ø 	3ø"TßﬃãLì$ø" îãçÌãì%øcö¼ø"cåë	'åàÆê/ì
ﬁø åæ[ßﬃà,ì
¼åÞåﬃêðåïçÍé
¼ñUëðçÌætî?ßﬃà .Iå«â¿â¿ñUégê¿çåã 7â¿åtéñ/ëðëðñUëUì 3 T-PSR/mtL:d ﬃiL VI!HYP_T P[ﬂL b?ìçã*ïâ¿ñUë¿ë½ø
,  	T3 3ø 	^øTßﬃãLì?øcñ½çô­ì6[ß«ëÁêÂßﬃã?æö 4JéçÌñ½ãê,TßﬃâßﬃàÌàÌñ½àÜå«àÌîtê¿çåãåﬃôÜï[ßﬃâëðñ







,   XH.0/ $ 3 3ø 	3ø Tßﬃãì $øﬀ7ßﬃã <ßﬃâ¿ñ½à,ì ﬁø4Xß«ã÷[ì )^ø .Iåæñ EçÌé½å[ì ﬃ>êðñUâ¿ßﬃêðç6E«ñ ﬃ¯ãSEñ½âðá






&ø$Oå«îâ¿â¿ß«çãLì3ø 	3ø Tßﬃã*ñUætçêðåâ¿ëW7gì F ì$C1 Lì 1(
Z
1 1 	+tì8+ / / $[ø
,  X ( 3 )^ø Cñ½êðñ½âëUì ?ø ﬁø8XiçÌàÌäçÌã[ëðå«ãìﬀ.IåÞ^ï[îtêðçÌã÷Jê('ñG)&ñ½ãñUâ¿ß«àçﬂﬁ½ñ/æOÜçã[÷«îtá








, Ü8( / 3 ?øS9øÜtéW'SC<ßﬃâðê ﬁì6[ßë­ê7â¿å 5[ß 5çÌàçÍë­ê¿çÌé
V
àÌ÷«å«â¿çê)'ÞëTô åâTñUâðçè?éUßêðçÌå«ãå«ô







, Ü8	( 3 )^øTXø«Üêðñ C<ßﬃâðêUì 3 T-P]^[sv 8X g L ]^[SPRwVrM












à÷å«â¿çÆê('Þô å«âÂÜtå«à6EçÌã÷í¼åã[ëðóÞÞñê¿âðçÍé<òçÌãñUß«âÂÜótë­ê¿ñ½ÞëUìYG   3
YmtL-b?G$[ﬂOb/P[ u=kDT bcfG!PT-P[9M^P[ﬂk6T-X#ﬃiL VI!HYP[Sb g«ì;ì3( 1 1(	[ì
Z
	([ø
, ÜSE/ / 3 	^ø1Üß«ß«æì ﬁø
V
ø8EßﬃãOæñ½â'Tåâ¿ëÁêUì ﬃ>êðñUâ¿ßﬃêðç6E«ñﬁÜåàîêðçÌå«ãOå«ôTòLçã[ñUßﬃâÜótë­á
ê¿ñ½ÞëOçÌã%ê)'ñ + /ê(' .Iñ½ãêðîâ¿ó«ì YmL:d ﬃiL-VQIcHYPT-P[ﬂL-b!T XT bcf =IqI!XZ[ﬂOlf
3 T-PSR/mÌìF"C Lì
Z
18ì*+ / / /[ø









3 6ºøS9<çÌë¿ëðñ½îâ/ìø2$eñ½ñUâ)5:ñ½â¿÷«ñUãì 9;'ñ Éî[ß«ætâßê¿çÌécöÂç÷ñ½ãSEßﬃàÌîñ7â¿å 5[àñUÞ*ì
G   3 -8O\J[ﬂOyTì  Lì$Cì + 21ﬀ18+([ì+ / /
Z
ø
, / $ 3 øﬀ7ß«ã[ætñ 5âðçÌà,ìÜtñ½ÞçÌëðñ½ï?ßﬃâß 5àÌñ$Oßﬃêðâ¿çÌé½ñUëLß«ã[æê('ñ<ÜtóÞÞñê¿âðçÍéÂöÂç÷ñ½ãtá
Eß«àîñ7â¿å 5àÌñ½Þì  '3 9;'ñUëðçÌëUì T PR"L Xs[ﬂO qO(*`b/[S\ O]lM^[SP_O[SP$nUOHY\ Ob

)rO 5
I/T ]^P_OVOb/P ﬃiL VI!HYP_O]^yOPOb"MklR"TlIKI/Ob?ì?òñUîE«ñUãì3ºñ½àÌ÷«çÌîÞì3+ / / $?ø
, EO/ 3 ﬁø
V
øEßﬃãZætñ½â Tåâ¿ëÁêUì PO],T-P[S\ O r]^a X2L \3 OPR"LJfNM<dL ]jnUT ]g OjnŁ[Sb 5
OlT-]QG$aNM^P_OVrM

.ºßﬃÞ 5âðçÍæt÷ñ fãç6E«ñ½âëðçÆê­ó 7â¿ñUë¿ë½ì .ºßﬃÞ 5[âðçÍæt÷«ñì«ö7ã[÷«àÍßﬃã[æGì
+ / /ø










klOlOlf [Sbwg ML:d +*-/*oG 3    +

nOlkPHY],O "rL P_O^M	[Sb ﬃiL VI!HYP_O]{Gck[ 5
Ob!klO½ì;!CGì3+
Z
 1*++ìtÜïâ¿çã÷ñ½â/ì8IñUâðàÌçÌãì
Z
	#	ø
+ 
